Arithmetic and Geometric Progression
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The geometric series converges if ‘—
1

<le X <L-x e x? <(@-x)=1-2x+x° ©x<%

s 1
The sum to infinity for such values of x = — N " 1-x .
)
1-x
The first series converges if X<l < -1<x<1 (1)
. . 1
The second series converges if v <l>-—<x .. (2)
+ X

. 1
From (1) and (2), the common range of x s - <x<1 .

. 1 1
In this range, S, =—, S, =
1+X 1_L

1+X

=1+x, ss,=1.

Let a bethefirsttermand d the common difference.

a+(p-)d=P 1) a+(q-1)d=0Q 2 a+(r-1)d=R 3)
If d=0,then P=Q=R=a and the resultis obvious.
If d=0,then {(2)-(3)}d, q-r=(Q-R)/d 4
{®)-M}d, r-p=(R-P)d ()

{D-@3d, p-q=(F-Q)d (6)

P(Q-R) QR-P) R(P-Q)_
d d d

If the sequence is geometrical, let a be the firstterm and b be the common ratio.

0

From (4), (5), (6), P(@-n+Q(r—-p)+R(p-q)=

ab"*=P = loga+(p-1)logb=1logP (7
ab" =P = loga+(q-1)logb=1logQ (8)
ab™=P = loga+(r-1)logb=1logR 9

log P, log Q, logR arethe p",q" "

terms respectively of an arithmetic sequence.
By the first part of this question, (q-r)logP+ (r-p)logQ+(p-q)logR=0.
Let r be the common ratio. 1+r+ ... +r"t=255 Q)

1 1 255
1+—+..+ =—
r "t 128

)

1 2 1 2
From (2), —(1+r+...+r”’1)=E = (255)=E = "1 =128 3)
rt 128 rnt 128
1_1 128-1
From (1), - CHriess = 81 +128=255 —r=2 )
r— r—

(A(3), 2"'=128=2"=2%" .. n=8.



“convergent series” — Let Uy, Uy, ..., Uy, ...  bean infinite sequence

andlet s;=u;,Sp=uU;+Up,...,Sy=Ug+Uy+ ...+ U, bethepartial sums. Then u;+u,+...+u,+....

is a convergent series if  lims, =s exists. ie. Ve>0,3IN(g)>0 st n>N =|s,—9|<cg.

n—o

s is called the “sum to infinity of the convergent series”.

n-1

For the geometric series: s=a+ar+ar’+ ... +ar" + ...  firstwe provethat limr"=0 when |f|<1.
n—oo

By the Bernoulli’s inequality which states that if 1+h>0 and n>2then (1+h)">1=nh.

1 1
<

1+h)" 1+nh
Given £>0, |"|<e if 1+nh>1/e. Thus, |"|<e if n>(/e -1)h
Put N=[(/e -1)/n]+1, then Ve>0,3N(E)>0 st n>N =|"-0/<e.

- . 1
Now, since |rf<1, wecanwrite  |f|= o h>0. Therefore |r"|=
+

limr"=0 when |rf<1.

n—oo

n

1-r" a ar"

. a .
Obvervethat : s, =a = - o lims, =——,  since —0
1-r 1-r 1-r n—e 1-r 1-r
Note : When r>1, Ilimr" = |, the series diverges.

n—o

When r=1,s,=na, lims, =00, the series diverges.

n—o0

When r=-1, limr" oscillatesbetween 1 and -1, the series oscillates finitely.

n—w

When r<-1, limr"=xoo the series oscillates infinitely.

n—oo

4 8 16 .
(a 2+—+—+—+... converges since |r|=2/3<1.

(b) 1-1+1-1+1-... oscillatesinfinitely since r=-1.

u u u u
Sum =44 S :%(m) :44x%(m) S U +u,, =11(u, +u, ) => u, +24 =11(u, +4)

U=-2  Un=U +(m-1)d=4 f (M-1)d=4-u =6 (1)
Ugm=U; + (4m-1)d =24 S (@m-1)d=24-u; =26 ... 2

@/(1), (@m-1)(m-1)=26/6 & m=10
Snzw(n)zm —2u,+(n-1)d =4 )
S, = 2u1+(§n—1)d 2n)=n =2u,+(2n-)d=12 2
@ - (), nd = -3 3)
S, = W(n) - 2{2”1 i (2” RELIPI ng (2n)} = 2[S,. +2n(nd)] = 2[n + 2n(-3)]

=-10n , by (3).



332 332 332 332 x 333
Sum = Z (3r+1) +Z (3r+2) = ez r+3z 1=6""2"""" 3(333) = 3(333)(333) = 332667

n(n—l)+1:n2—n+2
2

The firstinteger inthe n™ group =1+2+..+(-1)+1=

n(n?+1)

2 f—
. Sum of the integers of the n™ group = g[Zu1 +(n-1)d]= 2{2 annJrZ+ (n —1)1} =

2 1)+ (4 1
Em D) Am D), gy

Since 3m? contains afactor 3, therefore S s divisible by 3.

S=(2m+1)+(@2m+3)+..+(Am-1) =

If m iseven,put m=2n,where neN,then S=3(2n)>=12n?,which isdivisibleby 12.
Let the three positive numbers by a-d, a, a+d.

Then, (a—d)’>+a’+ (a+d)*=165 (D)
@-dy+a+(@+d =20 ... (2)

From(2), a=7 and substitute this value in (1), d=+3, giving the three numbers: 4,7, 10.
a’,b®,c® forman arithmetic sequence = b*-a’=c?-b’ = (b-a)(b+a)=(c-b)c+b)

b-a c¢c-b b-a c-b 1 1 1 1
j— _— j— = j— — = —

b+c a+b (c+a)(b+c) (a+b)a+c) c+a b+c a+b a+c

1 1 1 . .

= , form an arithmetic sequence.

b+c' c+a a+b
Since arithmetic sequence has constant common difference, the points P =(p,a), Q=(q, b), R=(r,c) are
a-b b-c

points on a straight line. S Mpg=Megr = ——=—— = (q-nNa+(-p)b+(pP-q)c=0.
p-q q-r
(P, 9),(q,p), (m,an) are collinear, giving Gradient = am_p=;q=—1 = an=p+tg-m
m-q Qg-p
a —a a,. —a a, —a

Since  (p, &), (0, &), (p*0, ap+g) are collinear, giving 8978 _ 3 7% >k P __P 9
p+q-p p—q 2q 2(p-q)

e e e e
q 2 2 P-q 2 2 aLp+q pPJ P-QLP ¢

p+q p+q
:SM =E(Sp _Sq):>sp+q =j(q_p):sp+q =—(p+q)

P+q
From No.14, S, =——(S,-S,)=0

P—-q
Sm=a1+am ,Sn=al+a”n S_mzm_zzaﬁam:ijaﬁ(m—l)d:m 2, =9
2 2 S, n* a+a, n 2a+(-)d n
a, a,+(m-21d d/2+(m 1)d 2m-1

a  a+(n-0d d/2+(n-0d 2n-1



17.

18.

19.

20.

21.

22.

Let a;=d, then a=a +((k-1d= (k-1)d

a, a, a, 1 1 1 2 3 n-1 ( 1 1 ]
S= —+—+...+ -8, —F+—+.— | ===+ —— |1+ =+ ..+
a, a, a,, a, a, a,,) 1 2 n-2 2 n-3

=(£— )+(§—1j+...+(n_2— ! )+n_l=1+1+...+1+(1+Lj=n—3+(1+ij
1 2 2 n-3 n-3) n-2 n-2 n-2

=Nn-2+

n-2

S O b ) (e s (B )

a,—a, a,—a, a,—a,.

\/_ \/_1 a,—a, (n-1)d n-1

d dia, +va) da, +a) Ve, +4a

S= alz - a22 + 83 - 842 + ..+ a2k—1 - azk2 =(a—ap) (g + &) + (a3 —ay) (as +ag)t ... +(aok1 — azk) (Azk1 + A)

a, +a
=—d(m+tatagtas+..+tayst+ax)=—-dSy= —d Zk( k) =

(a +a,)[-d(2k-1)]

= ey — (8, + @K -D)] = — (@ (e - m-m( -2,”)

(i) S(n+3)-3S(n+2)+3S(n+1)-S(n)=S(n+3)-S(n+2)-2[S(n+2)-S(n+1)]+[S(n+1)-S(n)]
=d-2d+d=0 ,where d isthecommon difference.

2a, +(2n-1)d

S

i) 3[S(n)-S(n)]= 3 (2n)- w( )} “N4a, +(2n-1)(2)d - 2a,n — (n—1)d]

2 -1
_28,+0Gn-Dd o g3
2
]__rn l—r3n 1_r2n l—r” r2n_r3n 1_rn rn_r2n
Sn (San—Son) = 2 a -a =a a =a ra
n (S0 = San) 11—r[ll—r 11—r} ll—r{ll—r} fl-r {ll—r}

rn _ an rn _ an r.n _ r2n 2 1_ I,2n 1_ rn 2 )
=la a =|a =|a -a =(San—Sn)”.
[1 1-r }[1 1—r} {1 l—r} oy Aoy | TGemS)

By the Lagrange’s Identity (which can be proved by expansion) :

X+ X+ o Xna?) (V2 + Y2 F et Yoth ) = (Xayn + XaY2 + o+ XnaYinr)

= (Xay2 = Xo¥1)’ +  (Xayz = Xa¥1)’ + .. + (Xn-2Ynt = Xn-tYn-2)’

Putting x;=a;, X2=az,..., Xp1=an1 ; Y1=a2, Y2=a3,..., Yni=an

(@2 +al+ ... +an) (@ +agi+... +ad) = (@ a +Qag + ... + a1 an)’

o (@f+al+...tand) @ rad+... tad)—(aapta agt ... +ana) =0
2\2 2 22 _
& (uaz—ay") + (uas—asay)” + ...+ (@28 —a,) =0
& aaz—ar =0 A a1 —a3=0 A...A  andy—a°=0
o A_%_ 8
a2 a3 an

& a4, a,...,a, formageometric sequence.
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-1 a,,-a

Since S, =a
“ Yro1 r-1

. _a,—a; a;—a, a,,—a (a,+a,+..+a,,)-(h-Da,
(i) S;+S+...+S= ——+—=— =+ + =
e n — e -

r-1 r-1 r-1 r-1

n+l

e (N=Da, _ar al_(n—l)al_a " +n+r—nr
r-1  r-1 (r-1y° r-1 Yo(r-1y

S n+l

l n-1
(i) LS S SR 1+1++1_11(r2)_1
a’-a, a,’-a;  a,’'-a’ 1-r"la’ a = a,’ ] 1-r"a’ 1
r2
1 1 1 1
a,’ (1-r2) 2P g 220 d(1_ g2y
l n-1
—| -1
(iii) L + 1 +.ot L _ 1 i+i+ + LI i(rkJ
a+a, a+a’ T oaf+a 1+rf[af & 7 oa ] 1+rfa’ 1
rk
1 1 1 1-rk 1—r D
CLarfal 0D ok g koD )
Let the arithmetic sequence be  a;,a,...,a,. Let a* bethe k™" term from the end of the sequence.
a* =ap,—(k-1)d, ax=a;+(k-1)d
ay a* = ajan—(k-1)°%d*+ (k-1)d(a,—a;) = a a,— (k—1)2d*+ (k- 1)(n - 1)d?

ara, +d?{(k-1)(n-1)— (k- 1)} = a, a, + d’(k = 1)(n — k) = a; a, + d* Py
It only remain to show that Py increases with anincreasein k from 1 to n/2 or (n+1)/2.
Since Py =(k-1)(-k), Pwi=k({Mn-k-1), therefore Ps1 —Pr=n-2k

Pier >Px  if n-2k>0, ie if k<n/2.

Let the arithmetic sequence be a;,a,,...,a,. a>0.
Let the geometric sequence be u;, Uz, ..., U,. U;>0.
Then a;=u; , a,=u,. Firstweprovefor k=0,1,2,....,(n—=1), Uk + Unx<Us+Up.

Proof :  Ugsy + Upk— (Ug + Uy ) = U + ugr™ —ug —ugr™ = ug (M -1) (1 -r"*Y <0
since u;>0 and if r>1, r*=1>0 and 1-r"*'<o0
if r<1, "—1<0 and 1-r"*'>0.
Now, U+ +Upk<Up+U, = Z(uk+1+un—k)<z (ul+uk)
k=0 k=0
2up+ Uz + ..+Up) <n(up+ up) = n(ag+a) = (ag+a) +(ar+ag) + ... +(ar +ap)
=(a+an) t(@tan)*+...+(an+a) =2 +a+...+a)
since  atank=(@tkd)t[ast(n—-k-1)d]=a;+[a;+(n-1)d]=a; +a,.

Up+u+...tup<ap +a +...+a,
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27.

Let the first common term of the sequences be a and the second term be b.
Thenthe n™ term of the arithmetic sequenceis a+ (b—a)(n—-1) and the corresponding term of the

geometric sequence is  a(b/a)"™* .

R e
Ao A P )

<0 by considering separately the three cases : E >1, E =1, E <1l .

a a a

n-1
a+((b-)(nh-1< a(gj and the proposition is proved.
a

183 ...8n-1 =a; (ar?) (@ ") ...(a1 ¥

=a" ()(r) () ... ("™

— aln r.[2+4+...+(2n—2)]

- aln rn(n—l) .

ap84...82 =(an (& rs) (@ rzn_l)
=a" () () ... ("Y

- aln r.[l+3+...+(2n—1)]

2
= a,"r™



